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A statistical model for assessing sample size for bacterial colony
selection: a case study of Escherichia coli and avian cellulitis

Randall S. Singer, Wesley O. Johnson, Joan S. Jeffrey, Richard P. Chin, Tim E. Carpenter,
E. Rob Atwill, Dwight C. Hirsh

Abstract. A general problem for microbiologists is determining the number of phenotypically similar col-
onies growing on an agar plate that must be analyzed in order to be confident of identifying all of the different
strains present in the sample. If a specified number of colonies is picked from a plate on which the number of
unique strains of bacteria is unknown, assigning a probability of correctly identifying all of the strains present
on the plate is not a simple task. With Escherichia coli of avian cellulitis origin as a case study, a statistical
model was designed that would delineate sample sizes for efficient and consistent identification of all the strains
of phenotypically similar bacteria in a clinical sample. This model enables the microbiologist to calculate the
probability that all of the strains contained within the sample are correctly identified and to generate probability-
based sample sizes for colony identification. The probability of cellulitis lesions containing a single strain of
E. coli was 95.4%. If one E. coli strain is observed out of three colonies randomly selected from a future agar
plate, the probability is 98.8% that only one strain is on the plate. These results are specific for this cellulitis
E. coli scenario. For systems in which the number of bacterial strains per sample is variable, this model provides
a quantitative means by which sample sizes can be determined.

Many samples that are cultured for bacterial path-
ogens are expected to contain a genetically heteroge-
neous population of bacteria. Often, the phenotypic ap-
pearance of the bacterial colonies will not reflect the
genetic variability among different strains in the sam-
ple. This strain determination is made by additional
diagnostics, such as serogrouping, antibiotic resistance
profiles, plasmid profiles, or DNA fingerprinting meth-
ods. A general problem for microbiologists is deter-
mining the number of phenotypically similar colonies
growing on an agar plate that must be analyzed in
order to identify all of the different strains present in
the sample. If the goal of sampling is to identify the
number of different strains present in each sample, col-
ony morphology will often fail to provide the answer.
Without the knowledge of the total number of different
strains on the plate, assigning a probability of correctly
identifying all of the strains present on the plate for a
given number of identified colonies is extremely dif-
ficult. If samples typically contain a single strain, then
the identification of more than one colony is a waste
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of time and money. However, if samples typically con-
tain more than one strain, then the selection of a single
colony per plate would lead to biased inferences.

This problem is relevant to studies of avian cellulitis
in broiler chickens. This condition is characterized by
a diffuse inflammatory reaction secondary to a sub-
cutaneous infection.4,8 Although avian cellulitis in
broilers is a multifactorial process,2,3 numerous inves-
tigators have experimentally linked the presence of
Escherichia coli with the condition.11,12 Because this
lesion is likely initiated by a breach in the broiler in-
tegument followed by infection with environmental E.
coli, the possibility exists that the lesions contain het-
erogeneous populations of E. coli. If there are multiple
strains of E. coli per lesion, more colonies per clinical
sample will have to be analyzed or the sample size of
the number of lesions sampled will have to be in-
creased in order to accurately assess the distribution
of cellulitis-associated E. coli among broiler houses.

DNA fingerprinting techniques are being used to as-
sess the diversity, distribution, and persistence of cel-
lulitis-associated E. coli. The ability to detect the num-
ber of different DNA fingerprints of E. coli residing
within a lesion is of primary importance in order to
track pathogenic E. coli and to draw accurate infer-
ences about the environmental distribution of this or-
ganism. In addition, sample size calculations for the
number of lesions to be sampled and the number of
bacterial colonies to be selected from each agar plate
will depend on the number of different DNA finger-
prints that are growing within the lesion. Because
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MacConkey agar is commonly used to culture E. coli
from each lesion, the majority of E. coli isolates from
these lesions are lactose fermenting and appear as pink
colonies. However, the presence of pink colonies does
not indicate the number of different DNA fingerprints
in the sample. Colony morphology cannot be used to
determine the number of different strains (DNA fin-
gerprints) in the sample.

The primary reason that determining the number of
colonies to be analyzed per plate is difficult is that the
actual number and distribution of strains in the sample
is unknown. If the number and distribution of bacterial
strains are known, the probability of identifying all
strains can be calculated. For example, with two
strains growing in equal numbers on an agar plate, the
probability of identifying both strains, assuming three
colonies are randomly selected, is calculated6 as:
n21 2n 3

x n2x x 32x(p) (1 2 p) [ (0.5) (0.5) 5 0.75;O O1 2 1 2x xx51 x51

n is the number of colonies selected, x is the number
of colonies of one strain selected from the plate, and
p is the probability of selecting a colony of that strain.
It must be emphasized that the formula for the bino-
mial distribution shown above assumes that the two
strains are in equal concentration. With a greater num-
ber of strains, a multinomial distribution would be
used to make the calculation. The generalization of the
multinomial distribution is shown in the Appendix.
Without knowledge of the actual number of strains on
the plate, solving the problem is more difficult. This
situation requires the imputation of estimates for the
missing data of the true number of strains on the plate.

The objectives of this study were to 1) design a
statistical model that would delineate sample sizes for
efficient and consistent identification of all the strains
of phenotypically similar bacteria in a clinical sample,
2) create a model that will enable a microbiologist to
calculate the probability that all of the strains con-
tained within the sample are identified, and 3) apply
this model to the research of E. coli and avian cellulitis
in broilers in order to determine the number of E. coli
colonies that need to be analyzed in future studies.

Materials and methods
Sampling of E. coli from broilers. Twenty-four broilers

with cellulitis lesions were necropsied. The birds originated
from a single integrated broiler company in California. Each
cellulitis lesion was cultured onto MacConkey and blood
agar plates. Initially, the assumption was made that there
would be three or fewer strains per lesion. This assumption
was based on the opinion of an expert microbiologist as well
as the observation that the majority of the lactose-fermenting
colonies from cellulitis lesions had similar morphologies. If
a high proportion of the lesions were heterogeneous, then
this estimate would be increased. Three individually isolated

lactose-positive colonies were randomly selected from the
MacConkey plates and identified as E. coli by standard bio-
chemical techniques.7 Selecting three colonies for develop-
ing the initial model would result in a 75% probability of
detecting two strains if there really were two strains on the
plate (equation shown above). Although this sample size of-
fered only a 22% chance of detecting three strains if there
really were three, this uncertainty is accounted for in the
model. In addition, the presence of three strains in a lesion
was expected to be a rare occurrence.

Agar plate and statistical model assumptions. Several as-
sumptions are typically made when agar plates are used in
clinical diagnostic situations. First, it is often assumed that
the strains that grow on the agar plates are representative of
the strains contained within the sample. This assumption was
not tested in this study. Second, there is often the implicit
assumption that there are equal concentrations of strains
within the sample and therefore on the agar plates. Because
colonies are often picked from isolated areas of the plate,
those strains that are in highest concentration are selected.
Consequently, by drawing inferences about the strains pres-
ent in a lesion when picking colonies from this distant por-
tion of the plate, the assumption is made that all represen-
tative strains are in the high concentration portion of the
plate. Therefore, the implicit assumption is made that all
strains are in an approximate equal concentration. Although
this assumption was not tested, the model was developed to
allow for the scenario in which strains are not present in
equal concentrations. Finally, it is often assumed either that
different strains will have equal growth rates on the agar
plate or that different strains will not compete with each
other on a plate. This assumption was tested for E. coli of
avian cellulitis in the following experiment.

The relationship between the ratio of the concentrations
of different strains that were inoculated onto a plate and the
relative proportion of individual colonies of each strain that
subsequently grew on the plate was studied. Mutants of
wild-type E. coli isolates (WT) originally isolated from avian
cellulitis lesions were created that were resistant to 100 mg/
ml nalidixic acida (NAL) or to 100 mg/ml rifampicina (RIF).
All three strains were then grown overnight in brain–heart
infusion (BHI) broth such that the final concentrations of
WT, NAL, and RIF were 4.0 3 108 colony-forming units
(cfu)/ml, 4.1 3 108 cfu/ml, and 4.4 3 108 cfu/ml, respec-
tively. The strains were combined in various concentrations,
and the ratios of each strain (WT : NAL : RIF) were 1:1:0, 2:
1:0, 5:1:0, 1:1:1, 2:1:1, 2:2:1, 5:1:1, 5:2:1, and 5:5:1. Each
combination was then streaked onto two different BHI agar
plates and grown overnight. All individually isolated colo-
nies from each plate were then transferred to three different
BHI agar plates, one containing NAL (100 mg/ml), one con-
taining RIF (100 mg/ml), and one pure BHI plate. This pro-
cedure enabled the identification of the strain of each colony
on the original BHI agar plates. The number of individually
isolated colonies transferred for each replicate varied from
8 to 18 colonies.

The observed numbers of colonies of each strain that grew
on the plates were compared with the numbers expected on
the basis of the initial concentration of the strain in the in-
oculum. For each inoculum, there were two plates for which



120 Singer et al.

the number of colonies of each strain was observed. Ex-
pected numbers for each strain were calculated according to
the original concentration ratios of the inoculum. For ex-
ample, if 12 colonies formed and the concentration ratio in
the inoculum was 1:1:1, the expected counts would be four,
four, and four. For each plate, a Pearson x2 statistic was
calculated, with degrees of freedom under the null hypoth-
esis equal to the number of strains in the inoculum minus 1.
The independent x2 statistics were pooled over all plates to
obtain an overall x2 statistic with degrees of freedom equal
to the sum of the degrees of freedom for each individual
plate. Thus, this overall x2 statistic was comprised of the
results of 18 different agar plates. Because the smallest ex-
pected value was greater than 1, the x2 assumption was jus-
tified.1 The assumption of equal growth rates on the agar
plate was rejected if P , 0.05 for the pooled x2 statistic. In
order to determine if a rare strain was negatively selected
for growth on the agar plate, those scenarios in which at
least one strain in the inoculum was in concentration #1⁄6 of
the other strains (5:1:0, 5:1:1, 5:2:1, and 5:5:1) were ana-
lyzed separately. An overall x2 statistic was calculated as
described previously. This overall x2 statistic was comprised
of the results of eight different agar plates.

Finally, a sampling distribution was required for the pro-
cess of picking colonies from agar plates. The model cal-
culates the probability that a certain number of strains would
be observed in the colonies analyzed, conditional on the
number of strains that were actually on the plate. It was
assumed that the counts for the number of observed colonies
of each strain had a multinomial distribution (binomial in
the case of two strains). See Appendix for details.

Pulsed-field gel electrophoresis (PFGE) of E. coli from
broilers. DNA fingerprinting was performed on all isolates
by PFGE. For extraction of genomic DNA, the CHEF Bac-
terial Genomic DNA Plug Kit was utilized as per manufac-
turer’s instructions.b The agarose plugs were digested with
20 U of restriction endonucleases NotI and XbaIc in separate
digestions at 37 C overnight. PFGE was performed with a
1.2% agarose gel on a CHEF III apparatusb in 0.53 Tris-
borate–ethylenediaminetetraacetic acid (EDTA) buffer (45
mM Tris, 45 mM boric acid, 1 mM EDTA, pH 8.3) at 14 C
and 200 V. Linearly ramped switching times of 5–50 sec and
1–40 sec were used for NotI and XbaI, respectively, and
were applied over 22 hr. After PFGE, the gel was stained
with ethidium bromide (0.2 mg/ml) and photographed under
ultraviolet transillumination. Only PFGE fragments larger
than 100 kb were considered in order to eliminate the po-
tential influence of large plasmids. Although guidelines exist
for delineating the epidemiologic relatedness of PFGE fin-
gerprints,16,17 for the purpose of this study, colonies with any
differences in banding patterns were considered to be dif-
ferent strains.

Model development. A model is proposed to develop
probability-based sample sizes for bacterial colony selection.
The mode of inference is Bayesian.5 This approach combines
data that have been or will be observed with scientific in-
formation that is regarded separately from the data. The sci-
entific input is given in the form of ‘‘prior’’ probability spec-
ifications, and a sampling distribution is generated for the
observed data. Actual inferences are based on probability

statements that are made conditional on the observed data
and are consistent with the laws of probability. The object
of this statistical inference is called a posterior distribution,
or a collection of posterior probability statements, which are
calculated after the data are observed.

For this model of E. coli of avian cellulitis, prior beliefs
about the probability of one strain per lesion, two strains per
lesion, or three strains per lesion were required. The as-
sumption was made that the probability of a mixed infection
would be less than the probability of a homogeneous pop-
ulation of E. coli. Therefore, the best prior probability esti-
mates were 85%, 10%, and 5% for the probabilities of one,
two, or three strains per lesion, respectively. The model was
also evaluated with a range of other probability estimates,
including symmetric prior information, which assigned
33.33% for all three prior probabilities. The testing of vari-
ous probability estimates allowed the assessment of the sen-
sitivity of the model to the selection of prior probabilities.

The Bayesian analysis was performed with statistical
modeling software.d The method of implementing the anal-
ysis was iterative in nature and involved the simulation of
random variates from distributions described in the Appen-
dix.5 A Gibbs’ sampling routine5,15 was used to estimate the
unknown parameters of the model. The model used 5,000
iterations in order to achieve a high level of precision. De-
tails of the model are provided in the Appendix.

The model was used to estimate the probability that a
lesion would contain one, two, or three strains given the
observed data and the prior probabilities. These probabilities
can be considered as prevalences of lesions containing one,
two, or three strains of E. coli. Bayesian intervals for these
probabilities were also generated.

With Bayes’ theorem,5 the probability was calculated of
there being a certain number of strains in a lesion, given the
number of strains that were observed (see Appendix). For
example, it was now possible to estimate the probability that
there truly was one strain on a plate given that one strain
was observed. Bayesian intervals for these probabilities were
also generated.

Finally, the probability that the actual number of strains
on the plate would be correctly identified was calculated (see
Appendix). In these calculations, the number of colonies se-
lected was varied in order to determine the optimal sample
size for selecting bacterial colonies from agar plates.

Results

Validation of agar plate and statistical model as-
sumptions. In the experiment in which E. coli mutants
were created, the assumption of equal growth rates of
different strains was tested. The observed number of
colonies of each strain that grew was compared with
the number expected on the basis of the ratio of each
strain in the initial inoculum. The number of individ-
ually isolated colonies that grew on each plate varied
from 8 to 18. When all plates were considered, the
strains grew in proportion to their relative concentra-
tions in the inoculum (P . 0.995). The analysis was
also separated into those scenarios where one strain in
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Figure 1. Probabilities of selecting all strains on an agar plate
for various sample sizes (number of colonies selected) when the
actual number of strains on the plate is known. These calculations
assume a multinomial sampling distribution and an equal probability
of selecting each strain.

Table 1. Median values and 90% Bayesian intervals (BI) for
the parameters and conditional probabilities calculated in the model.
The results are specific to this Escherichia coli scenario.

Parameter* Median† 90% BI†

Q1

Q2

Q3

P(i51 z j51)

95.39
4.46

,0.01
98.83

82.65, 99.52
0.46, 16.97
,0.01, 0.96
95.10, 99.88

P(i52 z j51)
P(i53 z j51)
P(i52 z j52)
P(i53 z j52)

1.15
,0.01
100.00
,0.01

0.12, 4.87
,0.01, 0.12
80.77, 100.00
,0.01, 19.23

* Qi represents the probability of a plate having ‘‘i’’ strains. P(i z j)
represents the conditional probability of there actually being ‘‘i’’
strains on the plate given that ‘‘j’’ strains were observed. This prob-
ability is calculated with Bayes’ theorem.

† Median and the lower and upper 90% BI values were calculated
as the 50%, 5%, and 95% quantiles of the corresponding simulated
values for each parameter.

Figure 2. Median posterior probabilities of correctly identifying
all of the Escherichia coli strains actually present on the plate for
various sample sizes (number of colonies selected) when the actual
number of strains on the plate is unknown. Error bars represent 90%
Bayesian intervals for each probability. The results expressed in this
figure are specific to the E. coli data presented.

the inoculum was in concentration #1⁄6 of the other
strains in order to determine if a rare strain was neg-
atively selected for growth on the agar plate, thus im-
pairing the ability to detect rare strains. There was still
no significant difference between the observed and ex-
pected number of colonies on the plates (P 5 0.96).

The probability of correctly identifying all of the
strains on a plate for various sample sizes (number of
colonies selected) was calculated when the actual num-
ber of strains on the plate is known. These calculations
assumed a multinomial distribution. This exercise was
not specific to the E. coli example of this study but
rather was based completely on the expected result of
the probability distribution. A graphic representation
of these probabilities with the multinomial distribution
is shown in Fig. 1.

Sampling of E. coli from broilers. Of the 24 lesions
sampled, 23 had one PFGE fingerprint type in the three
colonies analyzed. All fingerprint bands of the three
colonies from a plate were identical. One lesion had
two different fingerprints, and these fingerprints dif-
fered in eight of the possible 20 bands.

Model results. Estimates for the parameters of in-
terest were calculated with the 5,000 Gibbs’ sampler
iterations. The median of the simulated values for a
given parameter was used as a point estimate for that
parameter. The 90% Bayesian intervals (BI) were also
determined for each parameter on the basis of the up-
per and lower 5% quantiles of the corresponding sim-
ulated values. Table 1 shows the median values and
90% BI for the probabilities of a lesion containing one,
two, or three strains. In addition, Table 1 also shows
the conditional probability estimates for the probability
of a certain number of strains given the number of
strains that were actually observed. It should be em-

phasized that the results shown in Table 1 are specific
to this cellulitis E. coli scenario.

The probability of correctly observing all of the
strains actually present on the plate was calculated for
the scenario in which the actual number of strains on
the plate is unknown. Figure 2 depicts the median
probability of correctly identifying all of the strains on
the plate for various sample sizes (number of colonies
selected). In addition, 90% BI are provided for each
probability. It again should be emphasized that the re-
sults shown in Fig. 2 are specific to this cellulitis E.
coli scenario.

Finally, a sensitivity analysis was performed to de-
termine the degree of influence that the selection of
prior probabilities had on the posterior probabilities
estimated by the model. This was accomplished by
obtaining results with a range of probability estimates,
including the aforementioned symmetric prior. The
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median values for the probability of lesions containing
one, two, or three strains when the symmetric prior
was used were 93.19%, 2.82%, and 1.89%, respec-
tively. Because these are medians of the 5,000 simu-
lated values, they do not necessarily sum to unity.
These estimates can be compared with the values in
Table 1, which use the expert prior probability infor-
mation as described previously. Although the expert
prior probabilities are having an effect, the results from
the two models are still quite similar.

Discussion

This model was designed so that researchers and
diagnosticians can assign probabilities to bacteria col-
ony selection from agar plates. Standard methods for
calculating sample sizes are confounded in this case
by the fact that the actual number of strains on a plate
is unknown. In addition, the prevalence of lesions con-
taining a certain number of strains is also unknown.
This type of problem is perfectly suited to the Bayes-
ian model and simulation method that has been de-
scribed. The use of a Gibbs’ sampling routine has pro-
vided a way to quantify the uncertainty associated with
selecting bacterial colonies from agar plates.

In the study of E. coli and avian cellulitis, it was
observed that, out of the three E. coli colonies that
were randomly selected from each lesion, 23 of 24
lesions had a single strain. Thus, cellulitis lesions in
broilers appear to be comprised of homogeneous pop-
ulations of E. coli. The model then provided estimates
of the prevalence of lesions containing one, two, or
three strains. These estimates account for the possibil-
ity that, by selecting only three colonies per plate, all
strains on the plate may not have been identified. Be-
cause of the fact that two strains were identified in one
lesion, the possibility exists that multiple E. coli strains
exist within a single lesion. Because other studies have
found multiple different E. coli associated with cellu-
litis at the flock level,10,13,14 the presence of multiple
strains of E. coli within a lesion is not surprising.

The conditional probabilities shown in Table 1 were
imputed from the prevalence estimates obtained at
each iteration of the model. These conditional proba-
bilities are useful in that they can be considered pre-
dictive probabilities for future plates. For example, if
one E. coli strain is observed out of three colonies
randomly selected from a future agar plate, there is a
98.83% probability that only one strain is on the plate.

The greatest benefit of this model is the ability to
generate sample size calculations of the number of col-
onies to be selected from agar plates. These sample
sizes are based on probabilities and not on historical
records, tradition, or speculation. Cost and time effi-
ciency can be weighed alongside the probability of
success when determining the number of colonies to

be picked. On the basis of the model, the selection of
a single E. coli colony from an avian cellulitis lesion
offers .95% assurance of correctly identifying the
number of strains on the plate. This is because the
majority of lesions contained a single strain. Although
the lower bound of the 90% BI extends to 83%, the
selection of a single colony is reasonable, especially
in situations where multiple lesions are being assessed.
However, it must be clearly understood that these cal-
culations are based on avian cellulitis lesions in broil-
ers in California. The probabilities expressed in this
study should not be used for other bacterial systems.
Data and prior information specific to the organism
would have to be simulated in the model in order to
obtain usable sample size and probability estimates.

In a Bayesian analysis, prior information concerning
the unknown parameters is used to augment the ob-
served data. This prior information is based on expert
opinion and serves to initiate the estimation process of
the model. Because the sample size in this study was
24 lesions and a prior sample size of one was used,
the observed data and prior information accounted for
96% (24/25) and 4% (1/25) of the data in the model,
respectively. A sensitivity analysis with a range of pri-
or information, including the symmetric prior, was per-
formed to ensure that the expert prior information did
not exert an overly large influence on the model.5 The
parameter estimates obtained through the use of the
expert prior information and the use of the symmetric
prior information did not differ substantially. The
probability of one strain per lesion decreased from
95.4% to 93.2%. The major difference was the in-
creased probability of three strains per lesion when the
symmetric prior was used. Because three strains per
lesion were never observed, the model was not overly
influenced by the choice of prior. On the contrary, the
expert prior may have been more appropriate than the
symmetric prior information.

Because the majority of lesions were homogeneous
with respect to E. coli, the high probability of identi-
fying all strains present by selecting a single colony is
intuitive. The model enabled the assignment of a more
accurate probability to this occurrence and to generate
probability-based sample sizes for colony selection.
The model would be even more beneficial in a system
where a sample is expected to have variable numbers
of strains. In studies of Salmonella spp. and Campylo-
bacter spp. with fecal specimens and drag swabs, there
is evidence of specimens having several strains per
sample. A study of Salmonella enteriditis in humans9

concluded that multiple colonies from a fecal sample
should be identified in order to make accurate epide-
miologic inferences about S. enteriditis. In many epi-
demiologic studies of Salmonella spp., XLT4 agar is
used. Many of the clinically important Salmonella se-
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rogroups will appear as black colonies on this agar
because of the production of H2S. Although the pres-
ence of black colonies suggests the presence of Sal-
monella spp., it does not indicate the number of dif-
ferent Salmonella serogroups present. This statistical
model could then be used to determine the expected
number of Salmonella serogroups in the sample as
well as the number of black colonies that should be
identified from the XLT4 agar. Without this model, the
microbiologist has no way to ascertain the probability
of correctly identifying all of the Salmonella sero-
groups that were actually contained in the sample.

A Bayesian model such as the one described here
has great utility for a diagnostic laboratory or for re-
searchers who are conducting long-term projects. After
the initial model is run and sample size calculations
are performed, all new future data that are collected
can then be incorporated into the model to produce
continually updated probability estimates. This type of
adaptive model lends itself well to changes in the prev-
alence of an organism over time. For systems in which
the number of bacterial strains per sample is variable,
this model provides a quantitative means by which
sample sizes can be determined as well as a method
for estimating the probability that an observed result
represents the actual situation.
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Appendix

Multinomial versus multiple hypergeometric. Sup-
pose there are i strains on a plate in equal concentra-
tion and that a sample of n colonies has been taken
from this same plate. Let xk be the number, out of the
n colonies selected, that are of strain type k. A statis-
tical model is required for the vector of counts

X [ (x1, x2, . . . xi).

If the number of colonies on the plate is large, rel-
ative to n, then under the assumptions stated in this
manuscript, it is reasonable to assume the vector X has
a multinomial distribution with parameter n and with
probability vector

1 1 1
, , . . . .1 2i i i

Alternatively, if the number of colonies of each
strain on a plate, Nk, were known, and if N is the total
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number of colonies on the plate, it would be reason-
able to assume that X is multiple hypergeometric with
parameters N (total number of colonies on plate), n
(total number of colonies selected), and Nk (total num-
ber of colonies of strain k), for k 5 (1, 2, . . . i). How-
ever, this model is difficult because the values for the
Nks cannot be known, resulting in the assumption of
equal numbers for each strain. This would then require
a choice for n. It would also require that N is divisible
by i, an assumption that may be problematic. Because
the use of the multiple hypergeometric distribution is
complicated, the multinomial distribution was used for
this model, which serves as an approximation to the
multiple hypergeometric when N is large relative to n.

Generalization of the multinomial. Let I and J de-
note random variables that indicate the numbers of ac-
tual and observed strains on the plate, respectively.
Also let P(j z i) denote the conditional probability that
J 5 j given I 5 i. The values for these probabilities,
P(j z i), are calculated as described in the Introduction
and are shown in Fig. 1. In the Introduction, the ex-
ample consisted of two strains growing in equal num-
bers on an agar plate. In this case, the conditional
probability of identifying both strains, assuming three
colonies are randomly selected, would be written P(j
5 2 z i 5 2) and was calculated6 with the binomial dis-
tribution. A more general calculation of this probabil-
ity is made with the multinomial distribution.

Suppose there are i strains on the plate, and a sample
of size n colonies is taken. Let X [ (x1, x2, . . . xi)
denote the vector of counts where xk gives the number
of colonies out of n that are from each strain k for k
5 1, 2, . . . , i. Under the assumptions of the model,

1 1 1
X ; Multinomial n; , , . . . .1 2i i i

n i n! 1 Let P (x) [ ; x 5 nOn ki 1 2  i k51 x !P k
 k51

be the probability function for X. This probability
function can then be used to calculate the probability
of detecting three strains if there really are three strains
and four colonies are selected as follows. In this ex-
ample, j 5 3, i 5 3, and n 5 4. Then,

P(j 5 3 z i 5 3) 5 P4(x1 5 2, x2 5 1, x3 5 1)
1 P4(x1 5 1, x2 5 2, x3 5 1) 1 P4 (x1 5 1, x2

5 1, x3 5 2),
P(j 5 2 z i 5 3) 5 P4(2, 2, 0) 1 P4(2, 0, 2)

1 P4(0, 2, 2) 1 P4(3, 1, 0)
1 P4(3, 0, 1) 1 P4(0, 3, 1) 1 P4(0, 1, 3)
1 P4(1, 3, 0) 1 P4(1, 0, 3),

and

P(j 5 1 z i 5 3) 5 P4(4, 0, 0)
1 P4(0, 4, 0) 1 P4(0, 0, 4).

These calculations were used to generate the proba-
bilities of Fig. 1.

Model development. The model was developed as
follows. The observed number of strains per lesion
was known. However, the number of strains actually
present in those lesions was not known. In addition,
the true probabilities of a lesion containing one, two,
or three strains were unknown. Therefore, there are
two sets of unknown parameters. With the use of a
Gibbs’ sampling routine,5,15 both of these unknown
sets of parameters were estimated simultaneously.

Let Y1, Y2, and Y3 denote the number of lesions in
which one, two, or three strains were observed, re-
spectively. Let the subscript ij correspond to the num-
ber of strains (‘‘i’’) actually present and the number of
strains (‘‘j’’) observed. Let Zij represent the unknown
counts (number of lesions) for the true status of the
observed data. The counts are unknown because the
actual number of strains in the lesion (‘‘i’’) is un-
known. The cells that are crossed out represent im-
possible outcomes.

Let Qi be the prevalence of lesions containing ‘‘i’’
strains; for example, Q1 is the prevalence of lesions
containing one strain. Denote the vector (Q1, Q2, Q3)
as Q.

Let I and J denote random variables that indicate
the numbers of actual and observed strains on the
plate, respectively. Denote the conditional probability
that I 5 i z J 5 j as Pij. With the use of Bayes’ theorem,
Pij is calculated as:

3Q P( j z i)iP 5 , P( j) [ Q P( j z i).Oij iP( j) i51

The values for P(j z i) are calculated with the multi-
nomial distribution as shown previously. Now, let ai

be the prior guess for the prevalence of lesions con-
taining ‘‘i’’ strains; for example, a1 is the prior guess
for the prevalence of lesions containing one strain. De-
note the vector (a1, a2, a3) as a. Let the superscript
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attached to parameters in the model denote a partic-
ular iterate in the iterative scheme. For example, Q0

is the vector at the beginning of the simulation. The
prior information a is used as the input values for
Q, namely Q0 5 a. The prior information for Q is
specified according to the Dirichlet distribution:5

Q0 ; Dirichlet(0.85, 0.1, 0.05);

thus the weight parameter associated with the Diri-
chlet is 1, e.g., the ‘‘prior sample size’’ is compa-
rable to a ‘‘data sample size’’ of 1, a relatively small
weight.

The Gibbs’ sampler5,15 has two stages for problems
such as this. Both stages involve sampling from what
are called the ‘‘full conditional’’ distributions. The pro-
cess of ‘‘Gibbs sampling’’ thus requires successive
Monte Carlo draws of observations from the condi-
tional distribution for

Z z Q,Y (a)

for the ‘‘current’’ value of Q, followed by an obser-
vation from the distribution for

Q z Z,Y. (b)

The sampling for Q is made with the current value
for Z. Again, Y denotes the vector of counts (Y1, Y2,
Y3) of the observed data. The conditional distribu-
tion of Z z Q,Y is multinomial and the conditional
distribution of Q z Z,Y is Dirichlet. Details of the
sampling procedure from these conditional distri-
butions are shown below. It is straightforward to
sample from these distributions with statistical soft-
ware.d

The precise procedure starts with a vector of guess-
es, Q0. With this vector, one samples from the distri-
bution for (a) to obtain Z1. Then, substituting Z1 into
(b), one samples from the distribution for (b) to obtain
Q1. This process is then iterated a large number of
times.

The probability that there is actually one strain on
the plate given that one strain was observed can be
imputed by:

P [ P(I 5 1 z J 5 1)11

5 [P(I 5 1)P(J 5 1 z I 5 1)]

4 [P(I 5 1)P(J 5 1 zI 5 1) 1 P(I 5 2)P(J 5 1 zI 5 2)

1 P(I 5 3)P(J 5 1 z I 5 3)].

At the first iteration, the probability Pij is then:
0 0P 5 [Q 3 P(J 5 j z I 5 i)]ij i

04 {[Q 3 P(J 5 j z I 5 1)]1

01 [Q 3 P(J 5 j z I 5 2)]2

01 [Q 3 P(J 5 j z I 5 3)]}.3

With these Pij, the Z are obtained by sampling inde-1
ij

pendently from the conditional distributions:

(Z , Z , Z ) ; Multinomial(Y1; P , P , P )1 1 1 0 0 0
11 21 31 11 21 31

(Z ) ; Binomial(Y2, P ) and Z 5 Y2 2 Z1 0 1 1
22 22 32 22

Z 5 Y3.1
33

In the second part of the Gibbs sampling routine, the
new values Z are used to obtain new values for Q,1

ij

1 1 1 1 1 1(Q , Q , Q ) ; Dirichlet(a 1 Z , a 1 Z 1 Z ,1 2 3 1 11 2 21 22

1 1 1a 1 Z 1 Z 1 Z ).3 31 32 33

These new iterates for Q are then reinserted into the
calculations for Pij in order to get new iterates of Zij.
This process was continued for 5,000 iterations. The
median of the simulated values was used for a given
parameter as a point estimate for that parameter. The
90% Bayesian intervals were placed on the parameters
by determining the upper and lower 5% quantiles of
the corresponding simulated values for that parameter.5

Finally, the probability of correctly identifying all of
the strains present in a lesion was calculated for different
sample sizes (number of colonies selected). The proba-
bility of observing all of the strains present is the sum
of three different probabilities and is equal to

3

P(I 5 J) 5 Q P(J 5 i z I 5 i).O i
i51

This probability increases as sample size increases.
Median estimates and Bayesian intervals were deter-
mined as previously described.




